The Jordan socle and finitary Lie algebras  by Fernández López, Antonio et al.
Journal of Algebra 280 (2004) 635–654
www.elsevier.com/locate/jalgebra
The Jordan socle and finitary Lie algebras
Antonio Fernández López a,∗,1, Esther García b,2,
Miguel Gómez Lozano a,1
a Departamento de Álgebra, Geometría y Topología, Universidad de Málaga, 29071 Málaga, Spain
b Departamento de Álgebra, Universidad Complutense de Madrid, 28040 Madrid, Spain
Received 1 December 2003
Available online 13 August 2004
Communicated by Georgia Benkart
Abstract
In this paper we introduce the notion of Jordan socle for nondegenerate Lie algebras, which ex-
tends the definition of socle given in [A. Fernández López et al., 3-Graded Lie algebras with Jordan
finiteness conditions, Comm. Algebra, in press] for 3-graded Lie algebras. Any nondegenerate Lie
algebra with essential Jordan socle is an essential subdirect product of strongly prime ones having
nonzero Jordan socle. These last algebras are described, up to exceptional cases, in terms of sim-
ple Lie algebras of finite rank operators and their algebras of derivations. When working with Lie
algebras which are infinite dimensional over an algebraically closed field of characteristic 0, the
exceptions disappear and the algebras of derivations are computed.
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Let X be a vector space over a field F . Denote by fgl(X) the Lie algebra of all finite
rank linear operators on X. A Lie algebra is called finitary if it is isomorphic to a subalge-
bra of fgl(X) for some vector space X. Finitary Lie algebras have received a considerable
attention in the last years, motivated, in part, by their connection with the finitary linear
groups, i.e., subgroups of GL(X) consisting of elements g such the endomorphism 1 − g
has finite rank (see [20]). Particularly relevant for our purposes is the work by A.A. Bara-
nov [2] classifying infinite dimensional central simple finitary Lie algebras over a field of
characteristic 0.
In the present paper we approach simple finitary Lie algebras and their algebras of
derivations from a Jordan point of view, we mean, by using techniques from the theory
of Jordan systems. This is possible due to the fact that, in most cases, simple finitary Lie
algebras admit a nontrivial 3-grading, and for any 3-graded Lie algebra (L,π) = L1 ⊕
L0 ⊕ L−1, where π = (π1,π0,π−1) denote the projections onto the subspaces L1, L0,
L−1, we have that π(L) = (L1,L−1) is a Jordan pair for the triple products defined by
{x, y, z} := [[x, y], z] for all x, z ∈ Lσ , y ∈ L−σ , σ = ±1.
This idea of studying Lie algebras by means of Jordan methods is by no means a novelty;
on the contrary, fundamental contributions to this topic can be found in papers like [1,4,19]
and [22]. Let us say that in [19], the most related to our approach of these papers, E. Neher
describes Lie algebras graded by a 3-graded root system. A Lie algebra L is graded by a
3-graded root system R if and only if it is a central extension of the Tits–Kantor–Koecher
algebra of a Jordan pair V (TKK(V ) for short) covered by a grid whose associated 3-graded
root system is isomorphic to R. He gives the classification of Jordan pairs covered by a grid
and describes their Tits–Kantor–Koecher algebras.
In recent years, a wealthy socle theory has been developed for nondegenerate Jordan
pairs (see [15]) and, following the pattern of the structure of prime rings with minimal
one sided ideals, strongly prime Jordan pairs with nonzero socle have been classified [9].
We note that any simple Jordan pair covered by a grid with division coordinate algebra
coincides with its socle, so in this case the socle theory and the grid theory agree.
In our paper [7] we develop a similar socle theory for 3-graded Lie algebras making
use of their close relationship with Jordan pairs, and describe nondegenerate 3-graded Lie
algebras with large socles and their central extensions. Let (L,π) be a nondegenerate
3-graded Lie algebra. If π(L) has socle Soc(π(L)) = (Soc(π(L))+,Soc(π(L))−), then
Soc
(
π(L)
)+ ⊕ [Soc(π(L))+,Soc(π(L))−]⊕ Soc(π(L))−
turns out to be an ideal of L that we call the socle of (L,π) and denote by Socπ(L).
It is natural to ask whether the socle of a 3-graded Lie algebra is independent of the
grading. In the present paper we answer this question by proving that, in general, the socle
depends on the grading (3.3), but for gradings which are effective (3.4), the socle turns to
be independent (3.10). Nevertheless, it is still possible to extend the notion of socle to any
nondegenerate Lie algebra L, not necessarily 3-graded, by taking JSoc(L) :=∑Socπ (I),
where (I,π) ranges over all 3-graded ideals of L (cf. 4.1). We call JSoc(L) the Jordan
socle of L.
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wiched, via the adjoint mapping, between the TKK-algebra TKK(V ) of a nondegenerate
Jordan pair V coinciding with its socle, and the algebra of derivations Der(TKK(V )).
Moreover, in this case, JSoc(L) = ad(TKK(V )) =⊕ ad(TKK(Vi)), where the Vi are sim-
ple Jordan pairs with minimal inner ideals (4.2). Thus, to describe the Jordan socle of a
nondegenerate Lie algebra, it suffices to compute the TKK-algebras of the simple Jordan
pairs with minimal inner ideals. This task is carried out in Section 5 where we prove (5.15)
that, up to two exceptional cases (types E6 and E7), simple Lie algebras with nonzero
Jordan socle are 3-graded Lie algebras of finite rank operators; the 3-gradings are also de-
scribed. We complete the description of nondegenerate Lie algebras with essential Jordan
socle by determining the algebra of derivations of the simple components of the Jordan
socle. To do so, we consider in the last section simple finitary Lie algebras of infinite
dimension over an algebraically closed field of characteristic 0. By using Baranov’s clas-
sification [2, Corollary 1.2] together with De La Harpe’s methods [5, I.8, Proposition 2],
we compute their algebras of derivations. Any Lie algebra which is sandwiched between
an infinite dimensional finitary simple Lie algebra, say M , and its algebra of derivations
DerM is strongly prime and contains a reduced element (6.4). Conversely, any 3-graded
Lie algebra which is strongly prime, infinite dimensional and whose associated Jordan pair
contains a reduced element can be sandwiched between a finitary simple Lie algebra and
its algebra of derivations (6.7). The question whether or not the 3-graded condition can be
removed remains open.
2. Preliminaries on Lie algebras and Jordan pairs
2.1. Throughout this paper, we will be dealing with Lie algebras L and Jordan pairs
V = (V +,V −) over a ring of scalars Φ containing 1/6. As usual, [x, y] will denote the Lie
product and adx the adjoint mapping determined by x . Jordan products will be denoted by
Qxy , for any x ∈ V σ , y ∈ V −σ , σ = ±, with linearizations Qx,zy = {x, y, z} = Dx,yz. The
reader is referred to [12,14,19] for basic results, notation and terminology. Nevertheless,
we will stress some notions and basic properties for both Jordan pairs and Lie algebras.
2.2. An element x ∈ V σ is called an absolute zero divisor if Qx = 0. Then V is said
to be nondegenerate if it has no nonzero absolute zero divisors, semiprime if QB±B∓ = 0
implies B = 0, and prime if QB±C∓ = 0 implies B = 0 or C = 0, for B = (B+,B−),
C = (C+,C−) ideals of V . Similarly, x ∈ L is an absolute zero divisor of L if ad2x = 0,
and L is nondegenerate if it has no nonzero absolute zero divisors, semiprime if [I, I ] = 0
implies I = 0, and prime if [I, J ] = 0 implies I = 0 or J = 0, for I, J ideals of L. A Jordan
pair or Lie algebra is strongly prime if it is prime and nondegenerate.
2.3. Ideals of nondegenerate (strongly prime) Jordan pairs inherit nondegeneracy
(strong primeness) [14, JP3], [16]. The same is true for Lie algebras: every ideal of a non-
degenerate (strongly prime) Lie algebra is nondegenerate (strongly prime) ([21, Lemma 4],
[10, 0.4, 1.5]).
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of the elements x ∈ L such that [x,S] = 0. By the Jacobi identity, AnnL(S) is a subalgebra
of L and an ideal whenever S is so. Clearly, AnnL(L) = Z(L), the center of L. Moreover,
if an ideal E of L is semiprime (as an algebra), then E is essential (E ∩ I = 0 for every
nonzero ideal I of L) if and only if AnnL(E) = 0. Notice also that L is prime if and only
if the annihilator of every nonzero ideal of L is zero.
The annihilator of a subset X ⊂ V σ is the set AnnV (X) of all a ∈ V −σ satisfying:
Qax = 0, Qxa = 0, QaQx = Da,x = 0, QxQa = Dx,a = 0 for every x ∈ X (cf. [14,16]).
In the linear case we are considering here, the annihilator can be more easily characterized
[8, Lemma 1]: a ∈ AnnV (X) if and only if Da,x = 0 = Dx,a for every x ∈ X. If I =
(I+, I−) is an ideal of V , then AnnV (I) = (AnnV (I−), AnnV (I+)) is also an ideal of I
and has an easy expression when V is nondegenerate [16, Proposition 1.7]:
AnnV
(
Iσ
)= {a ∈ V −σ : QaIσ = 0}. (1)
A Lie analogue to (1) also holds, as can be seen in the following lemma.
2.5. Lemma. Let I be a nondegenerate ideal of a Lie algebra L. Then AnnL(I) = {a ∈
L | [a, [a, I ]] = 0}. Hence, I ∩ AnnL(I) = 0 and, if AnnL(I) = 0 then the whole L is
nondegenerate.
Proof. If a ∈ L is such that [a, [a, I ]] = 0, then [a, [a, I + Φa]] = 0, i.e., a is also an
absolute zero divisor of the subalgebra I ′ = I + Φa of L. Therefore, a ∈ K(I ′), where
K( ) denotes the strongly degenerate radical or Kostrikin radical (cf. [21, p. 538]). Now
[a, I ] ⊂ K(I ′) ∩ I = K(I) by [21, Corollary 1, p. 543], and it is clear that K(I) = 0
because I is nondegenerate. We have shown that [a, [a, I ]] = 0 implies that [a, I ] = 0. For
the last part, if x ∈ I ∩AnnL(I) then [x, [x, I ]] = 0, which implies x = 0 by nondegeneracy
of I . We also have that if AnnL(I) = 0 then L is nondegenerate: if [a, [a,L]] = 0 for some
a ∈ L, then [a, [a, I ]] = 0, so a ∈ AnnL(I) = 0. 
2.6. A 3-grading of a Lie algebra L is a decomposition L = L1 ⊕ L0 ⊕ L−1, where
each Li is a submodule of L satisfying [Li,Lj ] ⊂ Li+j , and where Li+j = 0 if i + j =
0,±1. A Lie algebra is 3-graded if it has a 3-grading. We will write (L,π) to denote
the Lie algebra L with the particular 3-grading π = (π1,π0,π−1), where each πi is the
projection of L onto Li , i = 0,±1.
Given (L,π) we have that π(L) := (L1,L−1) is a Jordan pair for the triple products
defined by {x, y, z} := [[x, y], z] for all x, z ∈ Lσ , y ∈ L−σ , σ = ±1, which is called
the associated Jordan pair of (L,π). We note that if L is nondegenerate, so is π(L) [22,
Lemma 1.8]. A standard example of a 3-graded Lie algebra is that given by the TKK-
algebra of a Jordan pair.
2.7. For any Jordan pair V , there exists a 3-graded Lie algebra TKK(V ) = L1 ⊕L0 ⊕
L−1, the Tits–Kantor–Koecher algebra of V , uniquely determined by the following condi-
tions (cf. [19, 1.5(6)]):
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(TKK2) [L1,L−1] = L0.
(TKK3) [x0,L1 ⊕L−1] = 0 implies x0 = 0, for any x0 ∈ L0.
In general, by a TKK-algebra we mean a Lie algebra of the form TKK(V ) for some Jordan
pair V .
2.8. Lemma. Let (L,π) be a 3-graded Lie algebra with associated Jordan pair π(L) = 0.
If π(L) is perfect (i.e., {πσ (L),π−σ (L),πσ (L)} = πσ (L) for both σ = ±1) and [L,L] is
simple, then TKK(π(L)) ∼= [L,L].
Proof. Since π(L) = 0 is perfect, π1(L) ⊕ [π1(L),π−1(L)] ⊕ π−1(L) is a nonzero ideal
of L by [7, Lemma 4.2], clearly contained in [L,L]. Then, by simplicity, [L,L] = π1(L)⊕
[π1(L),π−1(L)] ⊕ π−1(L), and the latter is isomorphic to TKK(π(L)) by 2.7. 
3. The socle of a nondegenerate 3-graded Lie algebra
3.1. An inner ideal of a Jordan pair V is a Φ-submodule K ⊂ V σ such that
QKV
−σ ⊂ K . Following [15], the socle of a nondegenerate Jordan pair V is defined by
Soc(V ) = (Soc(V +), Soc(V −)), where Soc(V σ ) is the sum of all minimal inner ideals of
V contained in V σ . The socle is a von Neumann regular ideal and satisfies the descending
chain condition on principal inner ideals.
3.2. The socle of a nondegenerate 3-graded Lie algebra (L,π) is defined as the ideal
of L generated by the socle of the associated Jordan pair π(L). Denoted by Socπ(L)
to show which grading we are considering, we have that Socπ(L) = Soc(π1(L)) ⊕
[Soc(π1(L)),Soc(π−1(L))] ⊕ Soc(π−1(L)) [7, 4.3]. Moreover, Socπ (L) can be decom-
posed as a direct sum of simple ideals,
Socπ(L) =
⊕
S(i) =
⊕
TKK
(
π
(
S(i)
))
,
where the π(S(i)) are the simple components of Soc(π(L)).
In general, the definition of the socle of a nondegenerate 3-graded Lie algebra depends
on the 3-grading, as can be seen in the following example.
3.3. Example. Let V and W be two Jordan pairs coinciding with their socles, i.e., V =
Soc(V ) and W = Soc(W). Let L be the Lie algebra built as the direct sum of the TKK-
algebras of V and W . Notice that L admits the gradings
π1(L) = V +, π0(L) =
[
V +,V −
]⊕ TKK(W), π−1(L) = V −,
π ′1(L) = W+, π ′0(L) =
[
W+,W−
]⊕ TKK(V ), π ′−1(L) = W−,
π ′′(L) = V + ⊕W+, π ′′(L) = [V + ⊕W+,V − ⊕W−], π ′′ (L) = V − ⊕W−,1 0 −1
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3.4. We will show that the socle is indeed independent of the grading of L when the
grading is effective in the sense that there is no nonzero ideal contained in the zero part
of L. Notice that this condition is satisfied when (L,π) has (TKK3), and, in particular,
when L is graded as the TKK-algebra of a Jordan pair or when L is strongly prime.
3.5. Let (L,π) be a 3-graded Lie algebra with associated Jordan pair π(L). For any
ideal I of L, denote by πσ (I) the projection of I onto πσ (L), σ = ±1. We have the
following relations:
(i) [π0(L),πσ (I)] ⊂ πσ (I), hence also {πσ (L),π−σ (L),πσ (I)} ⊂ πσ (I), and {π−σ (L),
πσ (I),π−σ (L)} ⊂ I ∩ π−σ (L). Therefore
(ii) π(I) := (π1(I),π−1(I)) is an ideal of π(L). Moreover,
(iii) idL(π(I)) = π1(I) ⊕ ([π1(I),π−1(L)] + [π−1(I),π1(L)]) ⊕ π−1(I), where by
idL(π(I)) we denote the ideal of L generated by π(I).
3.6. Lemma. Let (L,π) be a nondegenerate 3-graded Lie algebra, and let I be an ideal
of L. Then
(i) Annπ(L)(π−1(I))⊕ Annπ(L)(π1(I)) ⊂ AnnL(idL(π(I))).
(ii) If the grading is effective and I is nonzero, then there exists a nonzero element x ∈
π1(L) ∪ π−1(L) such that [x, [x, I ]] = 0.
Proof. (i) Let x ∈ Annπ(L)(π−1(I)). Then x ∈ π1(L) satisfies
[[
x,π−1(I)
]
,π1(L)⊕ π−1(L)
]= {x,π−1(I),π1(L)}+ {π−1(I), x,π−1(L)}= 0.
Hence [x,π−1(I)] = 0 since the ideal π1(L)⊕ [π1(L),π−1(L)] ⊕π−1(L) inherits nonde-
generacy from π(L) and therefore it is centerfree. Now it follows from 3.5(iii) that
[
x, idL
(
π(I)
)]= [x, [π1(I),π−1(L)]+ [π−1(I),π1(L)]]
= {π1(I),π−1(L), x}+ {x,π−1(I),π1(L)}= 0.
Therefore Annπ(L)(π−1(I)) ⊂ AnnL(idL(π(I))). The other containment follows by sym-
metry.
(ii) Suppose on the contrary that [x, [x, I ]] = 0 for every x ∈ π1(L) ∪ π−1(L). Then it
follows from 2.5 that π1(L)∪π−1(L) ⊂ AnnL(idL(π(I))). But then idL(π(I)) ⊂ π1(L)⊕
[π1(L),π−1(L)] ⊕ π−1(L) ⊂ AnnL(idL(π(I))), which implies that idL(π(I)) = 0 by
nondegeneracy of L. Then I ⊂ π0(L), which contradicts the effectiveness of the grad-
ing. 
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the following identity
ad2
ad2x y
= ad2x ad2y ad2x . (1)
Notice that the condition ad3x = 0 is trivially fulfilled whenever x belongs to the 1 or −1
part of a 3-grading. In fact, if x ∈ π1(L) and denote by y−1 the projection of y onto π−1(L),
this identity yields the fundamental Jordan identity on the Jordan pair π(L):
ad2
ad2x y−1
= ad2
ad2x y
= ad2x ad2y ad2x = ad2x ad2y−1 ad2x .
Identity (1) plays a fundamental role in the construction of minimal inner ideals.
A submodule B of a Lie algebra L is an inner ideal of L if [B, [B,L]] ⊂ B . An abelian
inner ideal is an inner ideal B which is also an abelian subalgebra, i.e., [B,B] = 0.
3.8. Proposition.
(i) Let L be a Lie algebra, B an inner ideal of L, and c ∈ L be such that ad3c = 0. Then
ad2c B is an abelian inner ideal of L.
Suppose for the rest of the proposition that L is nondegenerate.
(ii) A nonzero abelian inner ideal B of L is minimal if and only if B = ad2b L for every
nonzero element b of B .
(iii) Let B be an abelian minimal inner ideal, and c ∈ L be such that ad3c = 0. Then either
ad2c B is zero or an abelian minimal inner ideal.
(iv) Let I = π1(I) ⊕ π0(I) ⊕ π−1(I) be a 3-graded ideal of L. A submodule B ⊂ πσ (I),
σ = ±1, is a minimal inner ideal of the Jordan pair π(I) if and only if it is an
(abelian) minimal inner ideal of L. In particular, an element y ∈ πσ (I) of (Jordan)
rank one in π(I) generates the abelian minimal inner ideal [y, [y,L]] of L.
Proof. For (i) use the same proof as that of [3, Lemma 1.8], while (ii) follows from
[3, Theorem 1.12].
(iii) Suppose now that B is an abelian minimal inner ideal and that ad2c b = 0 for some
b ∈ B . Then
0 = ad2
ad2c b
L = ad2c ad2b ad2c L,
by (1) and nondegeneracy of L, which implies ad2b ad2c L = 0. But this is an inner ideal of
L (contained in B) by (i), since ad3b = ad3c = 0. Thus, ad2b ad2c L = B by minimality of B ,
and therefore,
ad2
ad2c b
L = ad2c B,
which proves that ad2c B is minimal.
(iv) Let B be a submodule of πσ (I) (say σ = 1), and therefore an abelian subal-
gebra of L. By (i) and nondegeneracy of I , if B is a minimal inner ideal of L, then
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mal inner ideal of π(I). Suppose, conversely, that B ⊂ π1(I) is a minimal inner ideal
of the Jordan pair π(I). Note that, because of the grading, for any b ∈ B , ad3b I = 0.
We claim that ad3b L = 0. Otherwise, there exists a ∈ L such that 0 = c = ad3b a ∈ B .
But ad4b L ⊂ ad3b I = 0 hence by using a Kostrikin’s result [13] (or [3, Proposition 1.5]),
ad3c L = 0, giving that B = ad2c I (by its minimality in π(I)) is an inner ideal of L by (i).
But then ad3b L = [b, [b, [b,L]]] ⊂ [b,B] = 0, since B ⊂ π1(I) is clearly abelian. There-
fore, ad3b L = 0 for every b ∈ B , so as soon as b = 0, B = ad2b I (by its minimality in π(I))
is an abelian minimal inner ideal of L. The last assertion of (iv) follows from the first part
of (iv) together with (ii). 
3.9. Theorem. Let (L,π) be a nondegenerate 3-graded Lie algebra with an effective
3-grading π , and let I be an ideal of L which is graded with respect to a 3-grading π ′.
Then Socπ ′(I) ⊂ Socπ (L).
Proof. If Socπ ′(I) is zero, there is nothing to prove. Assume then that Socπ ′(I) = 0
and show that it is contained in Socπ (L). By 3.6(ii), for any simple component S′(i) of
Socπ ′(I), there exists a nonzero element, say z ∈ π1(L), such that [z, [z, S′(i)]] = 0. Let
us consider 0 = w = [z, [z, s′]] for some s′ ∈ S′(i). Notice that w ∈ π1(S′(i)) because
z ∈ π1(L) and S′(i) is an ideal of L by simplicity. Therefore, the ideal of L gener-
ated by w, which coincides with S′(i) by simplicity, is π -graded, i.e., S′(i) = π1(S′(i)) ⊕
[π1(S′(i)),π−1(S′(i))] ⊕ π−1(S′(i)).
Let us show that there exists x ∈ π1(S′(i))∪ π−1(S′(i)) such that
[
x,
[
x,π ′1
(
S′(i)
)]]+ [x, [x,π ′−1(S′(i))]] = 0. (2)
Otherwise, [x, [x,π ′1(S′(i))]] = 0 = [x, [x,π ′−1(S′(i))]] for all x ∈ π1(S′(i)), so also
[x, [x,π−1(π ′1(S′(i)))]] = 0, and [x, [x,π−1(π ′−1(S′(i)))]] = 0, giving
π−1
(
π ′1
(
S′(i)
))= 0 and π−1(π ′−1(S′(i)))= 0 (a)
by nondegeneracy of the pair (π1(S′(i)),π−1(S′(i))). Similarly, if we supposed that
[x, [x,π ′1(S′(i))]] = 0 = [x, [x,π ′−1(S′(i))]] for all x ∈ π−1(S′(i)) we would obtain that
π1
(
π ′1
(
S′(i)
))= 0 and π1(π ′−1(S′(i)))= 0. (b)
Then (a) and (b) would lead to π ′1(S′(i)) + π ′−1(S′(i)) ⊂ π0(L), implying that the whole
ideal S′(i), which is generated as a subalgebra by π ′1(S′(i)) + π ′−1(S′(i)), is contained in
π0(L). This contradicts the hypothesis of π being an effective grading.
Since π ′1(S′(i)) and π ′−1(S′(i)) are generated by (Jordan) rank one elements of π ′(I)
(therefore, by 3.8(iv), by elements y ∈ π ′(I) such that ad2yL is an abelian minimal inner
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element, say y ∈ π ′1(S′(i)), such that ad2x y = 0. Now it follows from (1) and 3.8(iii) that
0 = ad2
ad2x y
L = ad2x ad2y ad2x L = ad2x ad2y L
is a minimal inner ideal of L, and since ad2x y = [x, [x,π−1(y)]] = −{x,π−1(y), x} ∈
π1(L),
B := ad2
ad2x y
L
is also a minimal inner ideal of the Jordan pair π(L). Therefore, B ⊂ S′(i) ∩ Socπ(L),
and since S′(i) is a simple ideal of L, S′(i) ⊂ Socπ(L), for any simple component S′(i) of
Socπ ′(I). Thus Socπ ′(I) ⊂ Socπ (L). 
Therefore, as soon as a nondegenerate Lie algebra L has an effective 3-grading (L,π),
its socle contains the socle of any other 3-grading of L.
3.10. Corollary. Let L be a nondegenerate Lie algebra admitting an effective 3-grading
(L,π). Then Socπ (L) ⊃ Socπ ′(L) for any other 3-grading (L,π ′) of L. In particular, the
socle of L does not depend on the effective 3-grading considered.
4. The Jordan socle
Motivated by Theorem 3.9 we are going to introduce a notion of socle, called the Jordan
socle, for nondegenerate Lie algebras which are not necessarily 3-graded.
4.1. Given a nondegenerate Lie algebra L, we define its Jordan socle as the sum of
the socles of (I,π), where I is any 3-graded ideal of L and π denotes any of its possible
3-gradings:
JSoc(L) =
∑
(I,π)
Socπ(I).
4.2. Theorem. The Jordan socle of a nondegenerate Lie algebra L is an ideal of L. If
JSoc(L) = 0 then it is a direct sum of simple ideals each of which is the TKK-algebra of a
simple Jordan pair with minimal inner ideals. Therefore, JSoc(L) ∼= TKK(V ), where V is
a nondegenerate Jordan pair coinciding with its socle.
Proof. By 3.2, for any 3-graded ideal (I,π) of L,
Socπ(I) =
⊕
S(i) =
⊕
TKK
(
π
(
S(i)
))
,
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components of Soc(π(I)). Moreover, JSoc(L) =⊕TKK(π(S(i))) ∼= TKK(⊕π(S(i))),
and
⊕
π(S(i)) is a nondegenerate Jordan pair that coincides with its socle. 
Thus, the Jordan socle of a nondegenerate Lie algebra is the biggest 3-graded ideal of L
that coincides with its socle. Moreover, if (L,π) is a nondegenerate 3-graded Lie algebra
with effective 3-grading, then Socπ(L) = JSoc(L). We also have a structure theorem for
nondegenerate Lie algebra with essential socle similar to that proved in [7] for 3-graded
Lie algebras. Recall that an essential subdirect product of a family of algebras {Lα} is any
subdirect product of the Lα containing an essential ideal of the full direct product
∏
Aα .
4.3. Theorem. For a Lie algebra L, the following statements are equivalent:
(i) L is nondegenerate and has essential Jordan socle.
(ii) L is an essential subdirect product of a family of strongly prime Lie algebras Lα
having nonzero Jordan socles.
(iii) ⊕ad(TKK(Vα))  L ∏Der(TKK(Vα)), where each Vα is a simple Jordan pair
with minimal inner ideals.
(iv) There exists a nondegenerate Jordan pair V that coincides with its socle such that
ad(TKK(V )) LDer(TKK(V )).
Moreover, in case (iv), JSoc(L) = ad(TKK(V )), and L is strongly prime if and only if
JSoc(L) is simple, if and only if V is simple. We also have that Der(TKK(V )) is the largest
strongly prime Lie algebra having Jordan socle equal to ad(TKK(V )).
Proof. (i) ⇒ (ii). Let JSoc(L) =⊕Mα be essential, with the Mα being the simple compo-
nents of JSoc(L), and take Lα := L/AnnL(Mα) for each index α. By 2.4,⋂AnnL(Mα) =
AnnL(
⊕
Mα) = AnnL(JSoc(L)) = 0, and therefore L is a subdirect product of the Lα .
Moreover, by 2.5,
Mα := Mα + AnnL(Mα)AnnL(Mα)
∼= Mα
Mα ∩ AnnL(Mα) = Mα
is a nondegenerate simple ideal of Lα coinciding with its Jordan socle and having
AnnLα(Mα) = 0. Hence, again by 2.5 and simplicity of Mα , Lα is a strongly prime Lie
algebra with JSoc(Lα) = Mα . Finally, since the ideal⊕Mα is essential in∏Lα , we have
that L is actually an essential subdirect product of the Lα .
(ii) ⇒ (iii). Assume now that L is an essential subdirect product of a family of strongly
prime Lie algebras {Lα} having nonzero Jordan socles JSoc(Lα) = Mα ∼= TKK(Vα), where
the Vα are simple Jordan pairs with minimal inner ideals. Applying [6, Theorem 4.1] and
taking into account that we can replace, for each index α, the maximal uniform component
AnnL(AnnL(Mα)) by Mα , since both have the same annihilator, we may assume that
⊕
Mα  L
∏
Lα,
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adjoint mapping, as a subalgebra of Der(Mα).
(iii) ⇒ (iv). It follows setting V =⊕Vα and observing that Der(⊕TKK(Vα)) is iso-
morphic to
∏
(Der(TKK(Vα))).
(iv) ⇒ (i). Suppose finally that L is as in (iv). By [7, Proposition 2.11], TKK(V )
is a nondegenerate Lie algebra, which coincides with its Jordan socle. Moreover,
ad(TKK(V )) ∼= TKK(V ) is essential in Der(TKK(V )) and therefore also in L. Hence
L is nondegenerate, by 2.5, and has essential Jordan socle.
The remainder of the proof goes as that of [7, Theorem 5.4]. 
5. Simple Lie algebras coinciding with their Jordan socles
By 4.2, to describe the Jordan socle of a nondegenerate Lie algebra L, it suffices to
compute the TKK-algebras of the simple Jordan pairs with minimal inner ideals. We be-
gin by recalling some notation on pairs of dual vector spaces and related Jordan pairs of
continuous operators.
5.1. Let P = (X,Y,g) and P ′ = (X′, Y ′, g′) be two pairs of dual vector spaces over
the same division Φ-algebra ∆. A linear operator a :X → X′ is continuous (relative to
the pairs P and P ′) if there exists a# :Y ′ → Y , necessarily unique, such that g′(ax, y ′) =
g(x, a#y) for all x ∈ X, y ′ ∈ Y ′. Denote by L(X,X′) the Φ-module of all continuous
operators from X to X′, and by F(X,X′) the submodule of those continuous operators
having finite rank.
5.2. Every a ∈F(X,X′) can be expressed as a sum a =∑y∗i x ′i , where both {x ′i} ⊂ X′
and {yi} ⊂ Y are linearly independent, and where y∗x ′ is defined by y∗x ′(x) = g(x, y)x ′,
x ∈ X.
5.3. L(P,P ′)J := (L(X,X′),L(X′,X)) is a Jordan pair with Jordan products
{a1, b1, a2} = a1b1a2 + a2b1a1, {b1, a1, b2} = b1a1b2 + b2a1b1, for ai ∈ L(X,X′), bi ∈
L(X′,X). This (rectangular) Jordan pair is strongly prime with socle the simple Jordan
pair F(P,P ′)J = (F(X,X′),F(X′,X)), if P and P ′ are both nonzero. Moreover, we
have the following formulae:
(i) a(y∗x ′) = y∗(ax ′), for all x ′ ∈ X′, y ∈ Y , and a ∈ hom∆(X′,X′′),
(ii) (y ′∗x ′′)b = (b#y ′)∗x ′′, for all x ′′ ∈ X′′, y ′ ∈ Y ′, and b ∈L(X,X′),
(iii) (y ′∗x ′′)(y∗x ′) = y∗g′(x ′, y ′)x ′′,
where P = (X,Y,g) and P ′ = (X′, Y ′, g′) are pairs of dual vector spaces, and X′′ is a
vector space. When P = P ′ = (X,Y,g), then L(X) := L(X,X) is a primitive associative
algebra with socle F(X) :=F(X,X). It follows from (i) and (ii) that
5.4. F(X) is a left ideal of End∆(X), and a (two-sided) ideal of L(X).
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with involution (∆,−) (cf. [9, 3.11]), we define the opposite of P as the pair of skew
dual vector spaces Pop := (Y,X,gop), where gop(y, x) := g(x, y) for x ∈ X and y ∈ Y .
For any a ∈ L(X,Y ), its adjoint a# also lies in L(X,Y ), so it makes sense to consider the
Hermitian Jordan pair
Her
(L(P),#)= (Her(L(X,Y ),#),Her(L(Y,X),#)),
which is strongly prime with socle the simple Jordan pair Her(F(P),#), if P is nonzero.
Moreover, Her(F(X,Y ),#) is additively generated by the rank one operators y∗y , for all
y ∈ Y .
5.6. Similarly, given a pair of dual vector spaces P = (X,Y,g) over a field F , we
may consider the skew-symmetric Jordan pair Skew(L(P),#), which is strongly prime
with socle Skew(F(P),#). Note also that Skew(F(X,Y ),#) is additively generated by the
traces y1y∗2 − y2y∗1 , for all y1, y2 ∈ Y .
5.7. We also recall the so-called Clifford Jordan pairs. Let X be a vector space over
a field F , and let q :X → F be a quadratic form on X with associated bilinear form
q(x, y) := q(x + y) − q(x) − q(y). Then (X,X) becomes a Jordan pair for the prod-
uct given by Qxy = q(x, y)x − q(x)y . It will be called the Clifford pair defined by q . If q
is nondegenerate, then the Clifford pair, C(X,q), is nondegenerate and coincides with its
socle (see [14, 12.8]). Moreover, it is simple if dimX = 2.
Strongly prime Jordan pairs with nonzero socle, and in particular simple Jordan pairs
with minimal inner ideals, were classified in [9, 5.1]. Under our present restriction on the
scalar ring Φ , the list reads as follows:
5.8. A Jordan pair V is simple with minimal inner ideals if and only if it is isomorphic
to one of the following:
(1) A simple exceptional Jordan pair, which is finite dimensional over its centroid.
(2) A Jordan pair of Clifford type C(X,q), where q denotes a nondegenerate quadratic
form on a vector space X over a field F , with dimX = 2.
(3) A Jordan pair of finite rank continuous operators F(P,P ′)J , where P,P ′ are pairs of
dual vector spaces over the same division algebra.
(4) A Jordan pair of Hermitian finite rank continuous operators Her(F(P),#), where P is
a pair of skew dual vector spaces over a division algebra with involution, and # is the
adjoint involution.
(5) A Jordan pair of skew finite rank continuous operators Skew(F(P),#), where P is a
pair of dual vector spaces over a field F , and # is the adjoint involution.
If V in 5.8 is finite dimensional, it is a form of a pair covered by a grid, and its TKK-
algebra has been described by E. Neher in [19]. In particular, the TKK-algebra of a simple
exceptional Jordan pair is a Lie algebra of type E6 or E7. The study of the infinite dimen-
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class of Lie algebras introduced by A.A. Baranov and known as finitary Lie algebras.
5.9. Associated to a pair of dual vector spaces P = (X,Y,g) over a division algebra
∆, we have the following Lie algebras:
(i) The general linear algebra gl(P) := L(X)(−).
(ii) The general linear algebra of finite rank operators fgl(P) :=F(X)(−).
(iii) The special linear algebra of finite rank operators fsl(P) := [fgl(P), fgl(P)].
Recall that a Lie algebra over a field F is finitary if it is isomorphic to a subalgebra of
fgl(X), for some vector space X over F . It is clear that if ∆ is finite dimensional over a
field F , then both fgl(P) and fsl(P) are finitary Lie algebras.
If dim∆ X > 1, then fsl(P)/fsl(P)∩Z is a simple Lie algebra (see [11, Theorem 1.12]),
where Z denotes the center of the associative algebra F(X). In particular, if X is infinite
dimensional over ∆ or if ∆ is finite dimensional over its center and has zero characteristic,
fsl(P)∩Z = 0, so fsl(P) is itself a simple Lie algebra.
Any decomposition of P as a direct sum of two subpairs (such a decomposition always
exists, and we can even take one of the subpairs to be finite dimensional) induces a 3-gra-
ding in each of the Lie algebras gl(P), fgl(P), fsl(P) (cf. [7, 5.8(1)]). Therefore, also in
the Lie algebra fsl(P)/fsl(P)∩Z, since any central ideal is graded.
5.10. Let (X,h) be a nonsingular Hermitian or skew-Hermitian inner product over
a division algebra with involution (∆,−): h(y, x) = h(x, y),  = ±1 (in fact, every
skew-Hermitian inner product is alternate over a field F with the identity as involution,
or becomes a Hermitian inner product). Denote by ∗ the adjoint involution (h(ax, y) =
h(x, a∗y), for all x, y ∈ X) of the associative algebra L(X).
Assume that ∆ is a field F if characteristic not 2 with the identity as involution, and that
dimF X > 2.
(i) If  = 1, i.e., h is a symmetric bilinear form, then Skew(L(X),∗) is the orthogonal al-
gebra o(X,h), and Skew(F(X),∗) = [Skew(F(X),∗),Skew(F(X),∗)] is the finitary
orthogonal algebra fo(X,h) [2].
(ii) If  = −1, i.e., h is alternate, then Skew(L(X),∗) is the symplectic algebra sp(X,h),
and Skew(F(X),∗) = [Skew(F(X),∗),Skew(F(X),∗)] is the finitary symplectic al-
gebra fsp(X,h) [2].
If dimF X > 4 (possibly infinite), both fo(X,h) and fsp(X,h) are simple by [11, Theo-
rem 2.15], since in both cases Skew(F(X),∗)∩ Z = 0, for Z the center of F(X).
Let us compute the TKK-algebras of the Jordan pairs (2), (3), (4) and (5) listed in 5.8.
Notice that the nondegeneracy of these TKK-algebras is equivalent to the nondegeneracy
of their associated Jordan pairs by [7, 2.11(ii)].
5.11. Let V = C(X,q) be a Clifford pair as in 5.8(2) with dimF X > 2, and let H =
(x+, x−) be a hyperbolic plane. Set Y = H ⊕ X and define a quadratic form q ′ on Y by
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fo(Y, q ′) is a simple 3-graded Lie algebra with associated Jordan pair V . Hence TKK(V ) ∼=
fo(Y, q ′) by 2.8.
Conversely, any finitary orthogonal algebra fo(X,h) such that X contains an isotropic
vector and dimF X > 4 can be realized as the TKK-algebra of a simple Jordan pair of
Clifford type (if X contains a nonzero isotropic vector, then X = H ⊕ H⊥ where H is a
hyperbolic plane).
5.12. Let V = F(P1,P2)J be a Jordan pair of finite rank continuous operators as
in 5.8(3), with P1 = (X1, Y1, g1) andP2 = (X2, Y2, g2) pairs of dual vector spaces over the
central division algebra ∆ over F . DefineP = (X,Y,g), where X = X1 ⊕X2, Y = Y1 ⊕Y2
and g = g1 ⊕ g2 (i.e., g|X1×Y1 = g1, g|X2×Y2 = g2, and g|X1×Y2 = g|X2×Y1 = 0). We have
by 5.9 that fsl(P)/fsl(P) ∩ Z, with Z = Z(F(X)), is a simple 3-graded Lie algebra with
associated Jordan pair V . Hence, by 2.8, TKK(V ) ∼= fsl(P)/fsl(P)∩ Z.
Conversely, any simple Lie algebra L = fsl(P)/fsl(P) ∩ Z, where P is a pair of dual
vector spaces over ∆, can be regarded as the TKK-algebra of a Jordan pair of finite rank
operators V =F(P1,P2)J .
5.13. Let V = Her(F(P),#) be a Jordan pair of Hermitian finite rank continuous oper-
ators as in 5.8(4), where P = (X,Y,g) is a pair of skew dual vector spaces over a division
F -algebra with involution (∆,−), F = Sym(Z(∆),−). On the vector space X ⊕ Y we
define a nonsingular skew-Hermitian bilinear form, denoted by h, as h(x ⊕ y, x ′ ⊕ y ′) =
g(x, y ′) − gop(y, x ′) = g(x, y ′) − g(x ′, y). Then the corresponding associative algebra
F(X ⊕ Y ) can be represented as 2 × 2 matrices
a =
(
a11 a12
a21 a22
)
∈
( F(X) F(X,Y )
F(Y,X) F(Y )
)
with adjoint given by a∗ =
(
a∗22 a∗12
a∗21 a
∗
11
)
.
Now if x1, x2 ∈ X, we have
gop(a12x1, x2) = −h(a12x1, x2) = −h
(
x1, a
∗
12x2
)= g(x1,−a∗12x2).
Therefore, the adjoint involution ∗ in F(X ⊕ Y ) corresponds to −# in the associative pair
F(P,Pop). If dimZ(∆)(X ⊕ Y ) > 4 and we denote Skew(F(X ⊕ Y ),∗) by K and the
center of F(X ⊕ Y ) by Z, then [K,K]/[K,K] ∩ Z is simple by [11, Theorem 2.15], and
hence, by 2.8, isomorphic to the TKK-algebra of the Jordan pair V .
Conversely, let (X,h) be a nonsingular skew-Hermitian inner product vector space
over a division algebra with involution (∆,−), dimZ(∆)(X) > 4. If X is a direct sum of
two totally isotropic vector subspaces, then the simple Lie algebra [K,K]/[K,K] ∩ Z,
where K := Skew(F(X),∗) and Z denotes the center of F(X), is 3-graded and isomor-
phic to the TKK-algebra of a Jordan pair of Hermitian finite rank continuous operators
V = Her(F(P),#).
Two particular cases of 5.13 deserve a special comment.
(i) If X is infinite dimensional over ∆, or ∆ is finite dimensional over its center and has
zero characteristic, then Z = 0 and [K,K] is itself a simple Lie algebra. Moreover, if
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Y,h), and [K,K] is the finitary special unitary algebra fsu(X ⊕ Y,h).
(ii) If ∆ is a field F with the identity as involution, then V = Sym(F(P),#), with P =
(X,Y,g) being a pair of dual vector spaces over F . In this case, TKK(V ) is isomorphic
to the finitary symplectic algebra fsp(X⊕Y,h): h(x⊕y, x ′⊕y ′) = g(x, y ′)−g(x ′, y).
5.14. Assume finally that V = Skew(F(P),#) is a Jordan pair as in 5.8(5), where
P = (X,Y,g) is a pair of dual vector spaces over a field F . Define a nonsingular symmetric
bilinear form f on X ⊕Y by f (x ⊕ y, x ′ ⊕ y ′) = g(x, y ′)+ g(x ′, y). We obtain as in 5.13
that if dimF (X ⊕ Y ) > 4, then TKK(V ) is isomorphic to the finitary orthogonal algebra
fo(X ⊕ Y,f ).
Conversely, any finitary orthogonal algebra fo(X,f ), where X is a direct sum of two
totally isotropic subspaces is 3-graded and isomorphic to the TKK-algebra of a Jordan pair
V = Skew(F(P),#), for P = (X,Y,g) a pair of dual vector spaces over a field F .
All these results can be summarized as follows.
5.15. Theorem. A Lie algebra L (over a field F of characteristic different from 2 and 3) is
simple, nondegenerate and has nonzero Jordan socle if and only if it is isomorphic to one
of the following:
(1) an exceptional simple Lie algebra of type E6 or E7,
(2) a special linear algebra of finite rank operators fsl(P)/fsl(P) ∩ Z, where P =
(X,Y,g) is a pair of dual vector spaces over a division F -algebra ∆, and where
Z stands for the center of the associative algebra F(X),
(3) a finitary orthogonal algebra fo(X,q) (over an extension field of F), where X = H ⊕
H⊥ with H = (x, y) a hyperbolic plane, or X = X1 ⊕ X2 a direct sum of two totally
isotropic subspaces, and where, in both cases, dimX > 4,
(4) a simple Lie algebra [K,K]/[K,K] ∩ Z, with K = Skew(F(X),∗) and Z =
Z(F(X)) relative to a nonsingular skew-Hermitian inner product vector space
over a division F -algebra with involution (∆,−), and where dimZ(∆)(X) > 4 and
X = X1 ⊕X2 is a direct sum of two totally isotropic subspaces.
6. Simple finitary Lie algebras and their algebras of derivations
In this section we provide an intrinsic characterization of the simple finitary Lie algebras
of infinite dimension over an algebraically closed field of characteristic 0 which can be
equipped with a 3-grading, as well as of their algebras of derivations. We begin by recalling
Baranov’s classification of simple finitary Lie algebras [2, Corollary 1.2].
6.1. Theorem. Let F be an algebraically closed field of characteristic 0. Then any infinite
dimensional finitary simple Lie algebra over F is isomorphic to one of the following:
(i) a finitary special linear algebra fsl(P),
(ii) a finitary orthogonal algebra fo(X,q),
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with P and X being infinite dimensional over F .
Inspired by De La Harpe’s methods for classical Banach Lie algebras of compact oper-
ators on a Hilbert space (see [5, I.8, Proposition 2]), we compute the algebra of derivations
of each one of the finitary simple Lie algebras listed above.
6.2. Theorem. Let F , P , (X,q) and (X,h) be as in 6.1. Then
(i) Der(fsl(P)) ∼= gl(P)/Z, where Z = F1X is the center of gl(P).
(ii) Der(fo(X,q))∼= o(X,q).
(iii) Der(fsp(X,h)) ∼= sp(X,h).
Proof. (i) Let P = (X,Y,g) be an infinite dimensional pair of dual vector spaces over F .
Consider the adjoint mapping a → ada from gl(P) to Der(fsl(P)), which makes sense
since fsl(P) is an ideal of gl(P). Clearly, its kernel consists of all scalar multiples of the
identity on X, so we only need to show that it is onto. Fix a pair of vectors (x0, y0) ∈ X×Y
such that g(x0, y0) = 1, and consider the family {Pλ}λ∈Λ of all subpairs Pλ = (Xλ,Yλ, gλ)
of dual vector subspaces of P such that (i) each Pλ has finite dimension nλ  2, and
(ii) (x0, y0) ∈ Xλ × Yλ for each index λ.
The Pλ form a directed set with respect to inclusion and P = limPλ, the direct limit
of the Pλ. Moreover, P = Pλ ⊕ P⊥λ for each index λ, where P⊥λ = (Y⊥λ ,X⊥λ , g⊥λ ) (see
[9, 3.17]). Consequently, for each λ ∈ Λ the Lie algebra L := fsl(P) contains a subalgebra
Lλ ∼= fsl(Pλ) = slnλ(F ) which is simple since nλ  2, the Lλ form a directed set with
respect to inclusion, and L = limLλ.
Let ∆ ∈ Der(L). Since L =⋃Lλ, for each λ ∈ Λ there exists µλ ∈ Λ such that both
Lλ and ∆(Lλ) are contained in Lµλ . Denote by ∆λ the restriction of ∆ to Lλ into Lµλ .
By [12, p. 80, Theorem 9], there exists dλ ∈ Lµλ such that ∆λ(a) = [dλ, a] for all a ∈ Lλ.
Moreover, the restriction of dλ to Xλ is uniquely determined up to a scalar multiple of the
identity on Xλ, so uniquely determined by the additional condition g(dλx0, y0) = 0.
Define d :X → X as dx = dλx whenever x ∈ Xλ. Clearly, d is well defined, linear and
satisfies ∆(a) = [d, a] for all a ∈ fsl(P). Thus it remains to show that d is continuous,
relative to the pair P .
We have that [d, fsl(P)] ⊂ fsl(P). Moreover, dF(X) ⊂ F(X) by 5.4. Hence ad ∈
F(X) for all a ∈ fsl(P). Let us see that this fact implies the continuity of d , i.e., for
each y ∈ Y there exists a unique vector y ′ ∈ Y such that g(dx, y) = g(x, y ′) for all x ∈ X.
Indeed, given y ∈ Y take a nonzero vector x ′ ∈ X satisfying g(x ′, y) = 0, which clearly ex-
ists because the pair P has infinite dimension. Then y∗x ′ ∈ fsl(P) and so (y∗x ′)d ∈F(X),
that is, (y∗x ′)d = y ′∗x ′ for a uniquely determined vector y ′ ∈ Y . Applying both terms of
the equality to any x ∈ X, we get x ′g(dx, y) = x ′g(x, y ′), so g(dx, y) = g(x, y ′) since
x ′ = 0, as required.
The proofs of (ii) and (iii) are similar, even easier than that of (i). To prove (ii), put (X,q)
as a direct limit of nondegenerate inner subspaces (Xλ, qλ) of finite dimension 2n  8,
in order to assure that the corresponding subalgebras Lλ ∼= fo(Xλ, qλ) of fo(X,q) are
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of finite dimension 2n 6 [12, p. 140]. In both cases, the restrictions of the dλ to the Xλ
are uniquely determined, and the linear operator d :X → X, locally defined by the dλ, sat-
isfies d∗ = −d . Let us finally show that the adjoint mapping a → ada is injective in both
cases.
Let a ∈ o(X,q) be such that [a, fo(X,q)] = 0. Given x ∈ X, take y ∈ X such that y
does not lie in the subspace of X generated by {x, ax}. Then there exists z ∈ X such that
q(x, z) = 0 = q(ax, z) and q(y, z) = 1. The operator y∗x − x∗y ∈ fo(X,q) and therefore
[a, y∗x − x∗y] = y∗ax − x∗ay + (ay)∗x − (ax)∗y = 0. Evaluating this operator equality
on z, we obtain ax = −q(ay, z)x , and hence a is a scalar multiple of the identity, which is
a contradiction since a∗ = −a and charF = 0.
Similarly, if a ∈ sp(X,h) satisfies [a, fsp(X,h)] = 0, then for any x ∈ X we have
[a, x∗x] = x∗ax + (ax)∗x = 0. Assume x = 0 and let y ∈ X be such that h(y, x) = 1.
Evaluating the operator equality on y , we get ax = −h(y, ax)x , so a = 0 as before. 
6.3. Let L be a Lie algebra over F . An element a ∈ L will be called reduced (over F )
if [a, [a,L]] = Fa.
6.4. Proposition. Let F be an algebraically closed field of characteristic 0, let M be an
infinite dimensional finitary simple Lie algebra over F , and let L be a Lie algebra such that
M  L K , where K is a Lie algebra isomorphic to DerM . Then L contains a reduced
element.
Proof. We will use Theorems 6.1 and 6.2, and treat each case separately.
(i) If M = fsl(P), take a = y∗x where x ∈ X and y ∈ Y are nonzero vectors satisfying
g(x, y) = 0.
(ii) If M = fo(X,q), take a = y∗x − x∗y where x, y are two nonzero, isotropic and mu-
tually orthogonal vectors.
(iii) If M = fsp(X,h), take a = x∗x for a nonzero vector x ∈ X.
Since M is nondegenerate, it will suffice to verify that [a, [a,M]] ⊂ Fa. We also note
that in all these cases, a2 = 0 and hence [a, [a, b]] = −2aba for all b ∈ L. If (i),
aba = (y∗x)b(y∗x) = g(bx, y)(y∗x) ∈ Fa. If (ii), aba = (y∗x − x∗y)b(y∗x − x∗y) =
y∗q(y, bx)x + x∗q(x, by)y = q(bx, y)a ∈ Fa since q(bx, x)= 0 for all b ∈ o(X,q) and
x ∈ X. If (iii), aba = (x∗x)b(x∗x) = h(x, bx)(x∗x) ∈ Fa. Therefore, a is reduced in any
of these cases. 
The structure theorem of strongly prime Jordan pairs with nonzero socle given in [9] ad-
mits the following refinement when the involved Jordan pairs do not merely have nonzero
socle, but a reduced element over an algebraically closed field of characteristic 0.
6.5. Let V be a Jordan pair over a field F . An element x ∈ V σ is reduced if QxV −σ =
Fx .
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V is nondegenerate, then any reduced element lies in the socle.
6.6. Theorem. Let F be an algebraically closed field of characteristic 0. A Jordan pair is
simple and contains a reduced element over F if and only if it is isomorphic to one of the
following:
(i) a simple exceptional Jordan pair, which is finite dimensional over F ,
(ii) a Clifford Jordan pair C(X,q) determined by a nondegenerate quadratic form on a
vector space X of dimension = 2 over F ,
(iii) a rectangular Jordan pair V =F(P,P ′)J ,
(iv) a Hermitian Jordan pair V = Sym(F(P),#), or
(v) an alternating Jordan pair V = Skew(F(P),#),
where P = (X,Y,g) and P ′ = (X′, Y ′, g′) are nonzero pairs of dual vector spaces over F .
Proof. As already mentioned, the Jordan pairs listed above are simple. Moreover, each of
them contains a reduced element: see [17, 1.12(iv)–(vi)] for the exceptional and Clifford
cases; for the rectangular case V = F(P,P ′)J , take y ′∗x where both x ∈ X, y ′ ∈ Y ′ are
nonzero; for the Hermitian case V = Sym(F(P),#), take y∗y for a nonzero y ∈ Y ; finally,
for the alternating case, take y1∗y2∗ − y2∗y1∗ where y1, y2 ∈ Y are both nonzero.
Suppose then that V is a simple Jordan pair containing a reduced element over F . This
implies that V has nonzero socle and that V is central, i.e., its centroid is the given ring of
scalars F (cf. [18, 2.10]). This allows to us to refine the list given in 5.8. If V is exceptional,
then it is actually finite dimensional over F [18, 5.9(V–VI)]; if V is of Clifford type, then V
is the Jordan pair associated to a nondegenerate quadratic form of an F -space [18, 5.9(IV)];
if V =F(P,P ′)J then it follows as in [17, 1.12(ii)] that the coordinate division F -algebra
∆ is equal to F . The same is true when V is Hermitian or alternating, by [17, 1.12(v)],
since F is algebraically closed and therefore has no nontrivial quadratic extensions. 
We note that, because of the grading, any reduced element a ∈ Lσ (σ = ±1) of the
Jordan pair V = (L1,L−1) associated to a 3-graded Lie algebra L, is actually a reduced
element of L. Such an element a will be called a Jordan reduced element of L. Although
the existence of a Jordan reduced element involves the previous one of a 3-grading, we will
make no particular mention of the 3-grading when speaking of Jordan reduced element in
a Lie algebra.
6.7. Theorem. Let F be an algebraically closed field of characteristic 0. A Lie algebra L
is strongly prime, infinite dimensional and contains a Jordan reduced element over F if
and only if it is, up to isomorphism, one of the following:
(i) fsl(P)  L gl(P)/Z,
(ii) fo(X,q) L o(X,q), or
(iii) fsp(X,h)  L  sp(X,h), with X = X1 ⊕ X2 being a direct sum of two totally
isotropic subspaces,
A. Fernández López et al. / Journal of Algebra 280 (2004) 635–654 653where P = (X,Y,g) is an infinite dimensional pair of dual vector spaces over F and
Z = F1X is the center of gl(P), and where q and h are nondegenerate bilinear forms (the
first one symmetric, the second one alternate) on an infinite dimensional vector space X
over F .
Proof. By 4.3 together with 6.2, any of the Lie algebras L listed above is strongly prime,
and contains a reduced element (6.4), so we only need to show that any strongly prime
3-graded Lie algebra L over F which is infinite dimensional and whose associated Jor-
dan pair contains a reduced element, is isomorphic to one of those listed above. By [7,
5.4], ad(TKK(V ))  L  Der(TKK(V )), where V is a simple Jordan pair containing a
reduced element. Moreover, V is infinite dimensional, since otherwise Der(TKK(V )) =
ad(TKK(V )) would be finite dimensional. The computation of TKK(V ) is a mere refine-
ment of that carried out in 5.11–5.14, but now using 6.6 instead of 5.8. Finally, we can
compute Der(TKK(V )) by 6.2. 
Open question
Does 6.7 remain true if the Jordan reduced element is replaced by a reduced element in
the Lie sense, and the restriction X = X1 ⊕ X2, with X1 and X2 being totally isotropic, is
removed in (iii)? Recall that this last restriction is not required for the existence of reduced
elements in the Lie algebra, but that Jordan reduced elements are necessary in order to
apply Jordan techniques. On the other hand, it seems not to be known whether or not an
alternating space (X,h) of uncountable dimension over F can be expressed as a direct sum
of two totally isotropic subspaces.
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